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 In this study, using a one-dimensional phospholipids model, we have introduced an exact combinatorial factor method for the 

investigation of order-disorder in the phospholipids lattice. Our assumption was that the lattice was composed of six groups, and 

for simplicity, we assumed that the total energy of the lattice can be considered as the rotational energy of gauche molecules and 

the nearest neighbor interactions between trans molecules. Using the combinatorial factor method (CFM), the total energy and the 
corresponding constrains, the Helmholtz free energy was minimized. Finally, the thermodynamic properties of the one-

dimensional lattice including the internal energy, entropy, and heat capacity were determined, exactly. The results show that, 

adopting such a model and under specific conditions, a phase transition, similar to the one in Onsager transition, takes place. 
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INTRODUCTION 
 

 Phospholipids are abundant in all biological membranes. 

Phospholipids derived from glycerol are called 

phosphoglycerides. A phosphoglyceride consists of a glycerol 

backbone, two fatty acid chains, and a phosphorylated alcohol 

[1]. In these compounds, about half of the fatty acyl groups are 

saturated, that is, they contain no double bonds. The other half 

of the fatty acyl groups contain one or more double bonds and 

are therefore derived from unsaturated or polyunsaturated fatty 

acids [2]. The configuration of double bonds in unsaturated 

fatty acids is nearly always cis. The length and the degree of 

unsaturation of fatty acids chains in membrane lipids have a 

profound effect on membrane fluidity. 

 The two important kinds of conformations of 

phospholipids chains are the ordered and disordered states. 

Experimental    observations    show    that   the   ordered   and  

 
*Corresponding author. E-mail: shm.ranjbar@gmail.com 

 

disordered states could be converted to each other through a 

gel-to-liquid-crystalline transition. The fatty acyl chains in 

bilayer membranes exist in an ordered rigid state or in a 

relatively disordered fluid state. In the ordered state, all the C-

C bonds have trans conformation, whereas in the disordered 

state, some are in the gauche conformation. The transition 

from the rigid (all trans) to the fluid (partly gauche) state 

occurs rather abruptly as the temperature is raised to above Tm, 

the melting temperature [1]. The Differential Scanning 

Calorimetery (DSC) studies show that the phase transition 

from solid to liquid state takes place over an infinitely narrow 

temperature range. 
 Phospholipid monolayers at an oil-water interface are 

treated as two-dimensional regular solutions made up of three 

components, namely, singly dispersed phospholipid 

molecules, clusters of phospholipid molecules, and empty sites 

occupied by water and oil molecules. A simple surface 

equation of state is derived and used to explain the phase 

transition that occurs in the monolayer. The equation  contains  
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two terms: one is due to the two-dimensional mixing entropy 
and the other one arises from the intermolecular interactions 
calculated in the nearest-neighbor approximation. The 
equation reduces to the two-dimensional van der Waals 
equation of state when no clustering occurs [3].  
 The theory of nonequilibrium phase transition is an 
extremely active area in theoretical physics. It is applied in a 
wide range of natural and social sciences. The nonequilibrium 
phase transition is usually considered as a stochastic process. 
The respective stochastic equations are solved either by 
numerical integration or different approximations applied in 
order to simplify the mathematical problem, for example, the 
adiabatic elimination techniques and the method of partial 
distribution functions. The processes are directly simulated by 
the Monte Carlo method [4]. 
 For the description of the lipid bilayer gel-fluid phase 
transition a number of statistical and mechanical models have 
been proposed. These models include molecular mean-field 
models [5-11], Monte Carlo simulations [12-14], and 
molecular dynamics simulations [15,16]. Also, using Ising 
lattice model, this transition has been studied theoretically 
from two-state [17,18] to the 10-state Pink model [12,19,20]. 
 In this work, based on the combinatorial factor method 
[21,22] and a simple one-dimensional model, the 
thermodynamic properties of the phospholipids chains are 
investigated.  

 
RESULTS AND DISCUSSION 
 
 Consider a one-dimensional phospholipid chains which are 
placed in an inert solvent. Let us assume that the solvent 
molecules and phospholipid chains can be considered as one-
dimensional lattice of N units. Irrespective of the solvent 
molecules, each of these units can be labeled as rigid (all 
trans) or liquid (partly gauche). At low temperatures (near the 
absolute zero temperature), the lattice is in the ordered state so 
that all of the units are in rigid form. When the temperature 
increases, the lattice becomes disordered and the liquid units 
appeare. Suppose that the units may be classified into three 
different types; t (trans molecules), g (gauche molecules), and 
h (solvent molecules) with numbers Nt, Ng and Nh, 
respectively h)g,t,,( =∞→ pN p

, so that 
 
 N = Nt + Ng + Nh 

 

 

where N is the number of units or pairs (the nearest neighbor 
pairs). These pairs can be classified into nine different types as 

tt, tg, th, gt, gg, gh, ht, hg, and hh so that their number may be 

indicated as Ntt, Ntg, Nth, Ngt, Ngg, Ngh, Nht, Nhg, and Nhh, 

respectively. 

 Let us consider a regular one-dimensional configuration 

for a lattice as  

…tttttt… 

tttgtgtg…gtgththth…hthtgggggg…gggghghgh…hghghhhhhh

… . 

According to the above classification, we can impose the 

following constraints: 

 
 

tthtgtt NNNN =++ ,                                                          (1) 

 
 

gghgggt NNNN =++ ,                                                     (2) 

 
 

hhhhght NNNN =++ ,                                                     (3) 

 
If the mole fraction of phospholipids be θ, then, we have 
 
 θNNNNNNN =+++++ ghgggtthtgtt

,                             (4) 

 
 ),1(hhhght θ−=++ NNNN                                                  (5) 

 
where 
 .qppq NN =              hg,t,, =qp                                         (6) 

 
 Since the interaction energies between phospholipid chains 

are very complicated, we may assume that the total energy of 
the lattice is the sum of the nearest neighbor interactions 

between trans-trans units with the coupling constant -U (U > 

0) and the rotational energy of gauche units with the rotational 

constant J (J > 0) For the sake of simplicity, we assume that 

the multiplicity of each rotational energy level is the unit 

which may be labeled as r = 0, 1, 2, …, rmax, where rmax is the 

maximum rotational energy level of the disordered or gauche 

units. Thus, according to the above assumptions, the energy of 

each disordered unit which be positioned at rth level, is rJ. 
 Using these assumptions, the total energy of the model can 

be written as 

 

 
∑
=

+−=
max

0
tt

r

r
rrMJUNE ,                                                        (7) 
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where Mr is the number of the disordered or gauche units 

which lie in the rth rotational energy level, which attentive to 

it, the following constraint must be imposed too, 
 

 .
max

0
g ∑

=

=
r

r
rMN                                                                        (8) 

 
 Irrespective of distribution of disordered units in rotational 

level, the model may be considered as one-dimensional simple 

model with the nearest neighbor interactions. For this model, 

the combinatorial factor, Ω1, is [21] 

 

 
!!!

!
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!

!!!
!

hhhght

h

ghgggt

g

thtgtt

t
1 NNN

N

NNN

N

NNN

N=Ω                          (9) 

 
Now in the rth rotational level, there are Mr indistinguishable 

disordered units, therefore we must consider following 

distribution too, 

 

 .
!

!
max

0

g
2 ∏ =

=Ω r

r rM

N                                                                 (10) 

 
 Because, these distributions (Ω1, Ω2) are independent from 

each other, the exact total combinatorial factor, Ω, for such 

model is 

 ∏∏∏
=

=ΩΩ=Ω
p q

r

r rpq
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!
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Applying Stirling’s approximation, the reduced Helmholtz 

free energy, A/NkT = E/NkT - lnΩ/Nk can be written as 
 

∑ ∑∑∑∑ −−+++−=
== p
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p
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                                                                                              (12) 
where JUa /≡ and also, 
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To obtain the equilibrium state, the Helmholtz free energy 

must be minimized. Defining 
 
 

tt gg/x n n≡ , 
hh tt/y n n≡ ,  je−≡λ ,  

 max max1

0

1
,

1

r r
r

r

w
λλ

λ

+

=

−= =
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                                                            (14) 

 

 
 

and using Eqs. (1) to (6), (8), (13) and also applying the 

Lagrange multipliers method, we have   

 
 ,...,,2,1,0 max0 rrmm

r

r == λ                              (15) 
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λ=                                                                        (16) 
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gh tt

y
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x
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where x, y cab be determined from following equations 
 
 2 3 /2 2 /2 /2(1 ) (2 1) ( ) 1 0a a a aw x w x w xλ θ λ θ λ θλ −− + − + − − = ,           (25) 

 
 21

( 1)ay x w
x

θ λ
θ
−= +                                                              (26)  

             
Using the above results, Eq. (12) may be simplified as 
 
 ( ) .

1
ln1ln hh

t

tt

θ
θθθ

−
−++−= n

n

n
aj

NkT

A                                (27) 

 
Now, through solving the nonlinear Eq. (25), we can find 

t,pqn n  by using which, and applying Eq. (27), we can derive 

thermodynamic properties of the lattice. The results of such 

calculations for the internal energy, entropy, and heat  capacity 
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Fig. 1. The  reduced  internal energy,  Ered (-E/NJ), vs. rmax   

               and j for θ = 0.8 and a  = 2000, 3000 and 4000 (from  

               up to down ). 

 

 

 
Fig. 2. The reduced entropy, Sred (S/Nk), vs. θ and j for  

                   α = 5000 and rmax = 106. 

 

 
are given in Figs. 1 to 6. 

 

CONCLUSIONS 
 
 In this work, we used the combinatorial factor method to 

investigate the phase transition in phospholipid chains. In this 

way, using a one-dimensional model and introducing an exact 

combinatorial factor, the Helmholtz free energy was 

minimized.   The  results  are  given  in  Figs. 1  to 6.  In  these 

 

 
Fig. 3. The same as Fig. 2 for the reduced heat capacity, Cred  

             (C/Nk). 

 

 
 

Fig. 4. The reduced heat capacity, Cred, vs. rmax and j for θ =  

              0.95 and α = 1000.  

 

 

figures, there are some important points which can be 

expressed as follows: 
1. We see that, all of the thermodynamic properties are 

dependent on two parameters a and r. 

2. At low temperatures( )∞→j , the ordered form is stable 

whereas, at high temperatures ( )0→j , the disordered form is 

stable (Fig. 2).  

3. In Figs. 5 and 6, we see that, at specific temperatures and 

high  values  of   rmax  and ,a   the   heat  capacities  show  an 
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Fig. 5. The reduced heat capacity, Cred, vs. a and j for θ = 1  

              and rmax = 106.  

 

 

 
Fig. 6. The same as Fig. 5 for θ = 0.5.  

 

 

Onsager phase transition, while in Figs. 3 and 4 at small 

values of rmax and ,a  the heat capacities show only a diffuse 

or continuous transition [25]. Experimental results such as 

DSC show that, at low temperatures and over an infinitely 

narrow temperature range, the heat capacity shows a phase 

transition (like Onsager transition) [26], which is comparable 

to our results (Fig. 5). 

 Finally, it is obvious that the approach in question in this 

work can be used for two-dimensional phospholipids chains 

and for different types of motions and interactions of 

phospholipid molecules.  This  model  is  very  similar  to  the 

 

 

actual lattice, but we must admit that, for these conditions, the 

calculation of combinatorial factor is rather difficult which we 

will take up in future. 
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